We study the anomalous electromagnetic transport properties of a quark-matter phase that can be realized in the presence of a magnetic field in the low-temperature/moderate-high-density region of the Quantum Chromodynamics (QCD) phase map. In this so-called Magnetic Dual Chiral Density Wave phase, an inhomogeneous condensate is dynamically induced producing a nontrivial topology, a consequence of the asymmetry of the lowest Landau level modes of the quasiparticles in this phase. The nontrivial topology manifests in the electromagnetic effective action via a chiral anomaly term θF µνF µν , with an axion field θ given by the phase of the Dual Chiral Density Wave condensate. The coupling of the axion with the electromagnetic field leads to several macroscopic effects that include, among others, an anomalous, nondissipative Hall current, an anomalous electric charge, magnetoelectricity, and the formation of a hybridized propagating mode known as an axion polariton. The possible existence of this phase in the inner core of neutron stars opens a window to search for signals of its anomalous transport properties.
Introduction
Neutron stars, the remnants of supernova collapse, are very dense objects produced by the gravitational colapse of very massive stars (stars with masses between 10 and 30 solar masses). They can reach densities several times larger than the nuclear density of 4 × 10 17 kg/m 3 . An interesting question that still remains unsettled is about the state of matter that supports such a dense medium. In this regard, very precise mass measurements for two compact objects, PSR J1614 − 2230 and PSR J0348 + 0432 with M = 1.97 ± 0.04M [1] and M = 2.01 ± 0.04M [2] , respectively, where M is the solar mass, have provided an important clue on the possible candidates for their interior composition: the phase of matter there should have an equation of state (EoS) rather stiff at high densities
The possibility of an interior composition based on a nucleon medium phase, formed mainly by neutrons, faces the difficulty of reproducing the required EoS stiffness. The reason is that, while under terrestrial conditions, hyperons are unstable and decay into nucleons through weak interactions, in neutron stars, the equilibrium conditions at core densities of order 2 − 3ρ 0 (with ρ 0 0.16 fm −3 the nuclear saturation density) can make the inverse process possible [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Thus, at large enough baryon chemical potential, the conversion of nucleons into hyperons becomes energetically favorable. This conversion releases the Fermi pressure exerted by the nucleons and makes the EoS soft enough to lead to a significant reduction of the star mass [4, [13] [14] [15] [16] [17] [18] [19] [20] . Different attempts to overcome this problem exist in the literature, as the inclusion of a repulsive hyperon-hyperon interaction through the exchange of vector mesons [21] [22] [23] [24] [25] , or the inclusion of repulsive hyperonic three-body forces [26] [27] [28] [29] [30] [31] . However, the possibility to reach the 2M with a nucleon inner phase still remains an open question under discussion.
have also been considered to remove the chromomagnetic instability. However, to the best of our knowledge, the question of which CS phase is the most favorable in the region of intermediate densities still remains unanswered.
In addition to their high densities, neutron stars typically have strong magnetic fields, which become extremely large in the case of magnetars, with inner values that have been estimated to range from 10 18 G for nuclear matter [72] to 10 20 G for quark matter [73] . The fact that strong magnetic fields populate the vast majority of the astrophysical compact objects and that they can significantly affect several properties of the star have served as motivation for many works focused on the study of the EoS of magnetized neutron stars, without considering , or considering the magnetic-field interaction with the particle anomalous-magnetic-moment [88, [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] [109] [110] [111] [112] [113] . An important characteristic is that the EoS in a uniform magnetic field becomes anisotropic, with different pressures along the field and transverse to it [73, 94, 98] . The transverse and longitudinal pressures can be found performing a quantum-statistical average of the energy-momentum tensor, as done in [73] using a path-integral approach based on the partition function of the grand canonical emsemble, or in [94] using the many-particle density matrix.
It has been found that as a consequence of the anisotropy in the EoS, the effects of the two pressures produce opposite contributions to the TOV equations. When the anisotropy becomes significant, the TOV approach is inadequate, since it is based on a medium with spherical symmetry, while the influence of a strong uniform magnetic field makes the geometry cylindrical. Lacking a suitable approach that is compatible with the symmetry of the problem, any conclusion about the effect of the magnetic field on the neutron star mass is in principle unreliable.
In summary, up to now it has been impossible to reliably determine if neutron stars (magnetars included) are formed by neutrons or quarks, or by a hybrid combination of them, and if quark matter is present, what its phase will be. That is why it is so important to look for new signals that can be attributed uniquely to a certain phase of the interior matter with the hope of using observations to pinpoint the inner composition of the star. Transport properties could be a way to reach this goal. This paper aims to advance such a strategy. We present the electromagnetic transport properties [114] of one of the quark phases: the Magnetic Dual Chiral Density Wave (MDCDW) phase, that can take place in the low-temperature/intermediate-density region of quark matter. An important attribute of this phase is its similarities with condensed matter topological materials like Weyl semimetals (WSM) [115, 116] . This opens the possibility to take advantage of new understandings within these materials to infer potentially measurable effects in the MDCDW phase of quark matter, and then use that insight to design clever ways to probe the presence of this quark phase in neutron stars.
The MCDCW Phase
To study the electromagnetic properties of the MCDCW phase, we should start by modeling QCD + QED with the help of the following Lagrangian density that combines electromagnetism with a two-flavor NJL model of strongly interacting quarks,
Here Q = diag(e u , e d ) = diag( In the presence of a magnetic field, the formation of a dual chiral density wave (DCDW) condensate with magnitude ∆ and modulation q µ = (0, 0, 0, q) along the field direction [117, 118] is favored
The mean-field Lagrangian of the MDCDW phase is then,
where m = −2G∆.
To remove the spatial modulation of the mass, we use a local chiral transformation
with θ(x) = qz/2. After the chiral transformation (4), the mean-field Lagrangian density (3) becomes
The corresponding modified Dirac Hamiltonian of flavor f is
Here e f is the flavor electric charge. The single-particle energy spectrum is given by the eigenvalues of H f . It separates into two sets of energy modes [117] , the LLL (l = 0) modes
and the higher Landau level (l = 0) modes
In (8) ξ = ± indicates spin projection and = ± particle/antiparticle energies. In contrast, only one spin projection (+ for positively charged and − for negatively charged quarks) contributes to the LLL spectrum. An important feature of this spectrum is that the LLL energies are not symmetric about the zero-energy level. As a consequence, the ± sign in front of the square root should not be interpreted as particle/antiparticle in the LLL case.
A peculiarity of the local chiral transformation (4) is that it does not leave invariant the fermion measure in the path-integral. To take this into consideration, we need to calculate the contribution of the Jacobian J(θ(x)) = (DetU A ) −2 with U A = e iτ 3 γ 5 θ
to the effective action [114] . As a consequence, the fermion effective action entering in the partition function after the local chiral transformation is implemented reads
on which 
Axion Electrodynamics in the MDCDW Phase
To find the Maxwell equations of the MDCDW phase, we need to find the zero temperature electromagnetic effective action Γ(A) corresponding to the effective classical action (10),
with Z the partition function given by
with S e f f given in (10) . After integrating in the fermion fields and carrying out the finite-temperature Matsubara sum to take the zero-temperature limit, we can expand Γ in powers of the fluctuation fieldÃ to obtain
with V the four-volume, Ω the mean-field thermodynamic potential obtained for this phase in Ref. [117] , and Π µ 1 ,µ 2 ,...µ i the i-vertex tensors corresponding to the one-loop polarization operators with internal lines of fermion Green functions in the MDCDW phase and i external lines of photons. In (13) we added the pure electromagnetic field contribution − 1 4 F µν F µν . We are interested in the linear response of the MCDCW phase to a small electromagnetic probeÃ. Furthermore, for consistency of the approximation, we can neglect all the radiative corrections of order higher than α, as α is the order of the axion term in (13) . These two conditions imply that we shall cut the series in (13) at i = 1, which can be shown to provide the medium corrections to the Maxwell equations that are linear in the electromagnetic field and of the desired order in α.
Then, Γ(A) becomes
where we integrated by parts the third term in the r.h.s. of (13) . J µ (x) = (J 0 , J) represents the contribution of the ordinary (non-anomalous) electric four-current, determined by the one-loop tadpole diagrams.
The Euler-Lagrange equations derived from the action (14) give rise to the modified Maxwell equations
on which we already used that θ = qz 2 . These are the equations of axion electrodynamics for the MDCDW phase, which are a particular case of those proposed by Wilczek [119] many years ago for a general axion field θ.
From Equations (15) and (16) we have that the axion term leads to an anomalous electric charge density,
as well as to an anomalous Hall current density,
The anomalous Hall current is perpendicular to both the magnetic and the electric field, since q is aligned with B. Besides, J anom is dissipationless and as such, it can significantly influence the transport properties of the system.
In (15) and (16), J 0 and J are the ordinary charge and current densities respectively, which are calculated from the tadpole diagrams of the theory. Of special interest is to check if the ordinary charge so obtained can annihilate the anomalous contribution J 0 anom . As discussed in [114] , since J 0 anom only gets contributions from the LLL, we should compare it with the corresponding tadpole result calculated in the LLL approximation. Then, calculating the tadpole diagrams we obtain
and
Thus, there is no LLL current density, but only a charge density. Comparing Equations (18) and (21) we can see that they do not cancel out. Only if m = 0 in (21), meaning setting the condensate amplitude to zero, the anomalous electric charge density will be cancelled out by the ordinary charge in Equation (15) . In such a situation, the resulting LLL contribution to the net electric charge density reduces to e 2 B 2π 2 µ, a non-anomalous term which, as expected, is independent of q since no physical quantity should depend on q when there is no MDCDW condensate (i.e., when m = 0).
Finally, since the Maxwell Equation (16) contains an anomalous Hall current, it is important to investigate if it can be cancelled out by an ordinary Hall current. The Hall conductivity can be easily found from the charge density in the case that it is linearly dependent on the magnetic field [114] ,
Applying this formula to the ordinary electric charge density (21), the corresponding LLL contribution to the Hall conductivity is
which leads to the LLL ordinary Hall current J ord LLL = (σ ord xy E y , −σ ord xy E x , 0). Clearly, J ord LLL does not cancel out the anomalous current (19) .
Likewise, the anomalous Hall conductivity can be found either from the anomalous charge (18),
or directly from the anomalous Hall current J anom given in (19) . As J 0 anom is due to the LLL, so is σ anom xy , thereby underlining once again the LLL origin of J anom .
Anomalous Transport in the MDCDW Phase
The MDCDW phase exhibits some interesting electromagnetic features, such as for example, linear magnetoelectricity [114] . To see this, we should define the D and H fields as
Then, rewriting the Maxwell Equations (15) and (16) in terms of these fields we obtain,
Equations (25) imply that a magnetic field induces an electric polarization P = −κθB and an electric field induces a magnetization M = −κθE. Both parameters, P and M, depend on the theta angle, which evidences the anomalous character of this result. It is important to point out that the appearance of a linear magnetoelectricity in this medium is possible because, as seen from (25) and (26) , the MDCDW ground state breaks parity and time-reversal symmetries. We call attention to the fact that the magnetoelectricity here is different from the one found in the magnetic-CFL phase of color superconductivity [120] [121] [122] , where P was not broken and the effect was a consequence of an anisotropic electric susceptibility [123] , so it was not linear.
In this formulation, it follows from (26) that the anomalous Hall current is given by a medium-induced, magnetic current density ∇ × M, due to the space-dependent anomalous magnetization coming from the axion term.
An interesting property of the anomalous Hall current is its dissipationless character. This is a consequence of the fact that this current (19) is perpendicular to E and to the modulation vector q, which in turn is parallel to B. We already proved that the anomalous Hall conductivity is given by
Its anomalous character is reflected in the fact that it does not depend on the fermion mass m, which is consistent with the nondissipative character of the anomalous Hall current.
The same expression of the anomalous Hall conductivity has been found in WSM [115] , where the role of the modulation parameter q is played by the separation in momentum of the Weyl nodes. A similar Hall conductivity can appear also at the boundary between a topological and a normal insulator [124] when there is an electric field in the plane of the boundary. However, in the topological insulator case, the anomalous Hall conductivity is discrete because the axion field θ jumps from 0 to π in the surface of the two insulators. Our results are also connected to optical lattices, as 3D topological insulators have been proposed to exist in 3D optical lattices [125] .
It is worth pointing out the relevance of these results for neutron stars. The values of chemical potential and magnetic field needed for the realization of the MDCDW phase are all within the possible ranges of these parameters at the core of hybrid stars or in quark stars. As shown in [117] , for baryon chemical potentials between 300 and 600 MeV, and magnetic field strengths √ eB ∼ 150 − 500 MeV (∼10 18 -10 19 G) the MDCDW is very robust, with b and m in the range between 300-500 MeV. The inhomogeneity parameter b actually sets at arbitrarily small values of magnetic field and chemical potential because the anomalous term in the thermodynamic potential drives b = 0 from the beginning, but b becomes of the order of the dynamical mass when the matter density becomes nonzero, which typically occurs when the chemical potential is comparable to the vacuum dynamical mass. Furthermore, the application to neutron stars requires introducing electrical neutrality (either locally or globally, as the neutrality does not need to be satisfied locally for compact hybrid stars [126] ) and beta equilibrium conditions, as well as vector interactions to be able to accommodate the 2M observations. None of these conditions however impede the realization of the MDCDW phase, as shown in detail in [93] , where their main consequence was that each flavor acquires its own modulation and dynamical mass, and the MDCDW remains robust at fields of the order of 10 18 G and chemical potentials between 300 and 600 MeV. A significant result in [93] was the fact that the MDCDW phase is compatible with the 2M observations. It is easy to see that the effect on the anomalous terms will simply be that each flavor still contributes to the anomalous electric charge and Hall current, only now each depends on the flavor's particular modulation parameter. The anomalous currents could serve to resolve the issue with the stability of the magnetic field strength in magnetars [127, 128] . It will be worthy to understand if the magneto-transport properties of the MDCDW phase can significantly affect the thermal and electrical conductivity producing a tangible separation between the transport properties of compact stars formed by neutrons or by quarks in this inhomogeneous phase. These and other questions highlight the importance of exploring which observable signatures could be identified and then used as telltales of the presence of the MDCDW phase in the star core.
Another interesting effect can be connected to the fluctuations δθ of the axion field. If one goes beyond the mean-field approximation, there will be mass and kinetic terms of the axion field fluctuation. Besides, due to the background magnetic field, the axion fluctuation couples linearly to the electric field via the term κδθE · B, so the field equations of the axion fluctuation and the electromagnetic field will be mixed, giving rise to a quasiparticle mode known as the axion polariton mode [129] . The axion polariton mode is gapped with a gap proportional to the background magnetic field. This implies that electromagnetic waves of certain frequencies will be attenuated by the MDCDW matter, since in this medium they propagate as polaritons. The axion polariton could be useful to probe the presence of the MDCDW phase in different media.
Conclusions
In this paper we present the electromagnetic anomalous transport properties of the so called MDCDW phase of quark matter at low temperatures and moderate densities in the presence of a magnetic field. This is a phase that in principle can be realized in neutron hybrid stars with a quark core or in strange stars.
The system under study has a non-trivial topology, which is due to the combined effect of a ground state having an inhomogeneous particle-hole condensate and the dimensional reduction affecting the quasiparticles occupying the LLL. As a consequence, the system exhibits an anomalous charge that depends on the applied magnetic field and the modulation of the particle-hole condensate. The topological nature of the electric charge can be traced back to the spectral asymmetry of the LLL modes. The spectral asymmetry is also responsible for an anomalous non-dissipative Hall current that depends on the modulation parameter.
We should mention that the reported results can also have importance for Heavy Ion Collision (HIC) physics. Future HIC experiments, that will take place at lower temperatures and higher densities, will certainly generate strong magnetic and electric fields in their off-central collisions and will open a much more sensitive window to look into a very challenging region of QCD [130] . For example, the second phase of the RHIC energy scan (BES-II) [131] , the planned experiments at the Facility for Antiproton and Ion Research (FAIR) [132] at the GSI site in Germany, and the Nuclotron-based Ion Collider Facility (NICA) [133, 134] at JINR laboratory in Dubna, Russia, are all designed to run at unprecedented interaction rates to provide high-precision measures of observables in the high baryon density region. That is why it is so timely and relevant to carry out detailed theoretical investigations of all potential observables of the MDCDW phase. Therefore, we hope that our findings will serve to stimulate quantitative studies to identify signatures of the anomalous effects here discussed in the future HIC experiments.
In addition, we should notice that the anomalous effects of the MDCDW phase share many properties with similar phenomena in condensed matter systems with non-trivial topologies as topological insulators [124] , where θ depends on the band structure of the insulator; Dirac semimetals [135] [136] [137] [138] , a 3D bulk analogue of graphene with non-trivial topological structures; and WSM [115] , where the derivative of the angle θ is related to the momentum separation between the Weyl nodes. Countertop experiments with these materials can therefore help us to gain useful insight into the physics governing the challenging region of strongly coupled QCD, thereby inspiring new strategies to probe the presence of the MDCDW phase in neutron stars and HIC.
